Abstract Meshless method choosing Heaviside step function as a test function for solving simply supported thin plates under various loads is presented in this paper. The shape functions using regular and irregular nodal distribution as well as order of polynomial basis choice are constructed by moving kriging interpolation. Alternatively, two-field-variable local weak forms are used in order to decompose the governing equation, biharmonic equation, into a couple of Poisson equations and then impose straightforward boundary conditions. Selected numerical examples are considered to examine the applicability, the easiness, and the accuracy of the proposed method. Comparing to an exact solution, this robust method gives significantly accurate numerical results, implementing by maximum relative error and root mean square relative error. 
Introduction
The structures of plate are one of the important components in various applications. There are many scientists or researchers who have analyzed these structures. Exact analysis for such plates is usually very difficult, in spite of the existence of analytical solution in some special cases of geometry and loads. Therefore, various numerical methods have been developed.
Meshless method has become very attractive and efficient for development of adaptive methods for solving thin plate bending problem. The main advantage of meshless methods is to get rid of or at least alleviate the difficulty of meshing and re-meshing the entire plate structure. For analysis of thin plate bending, it is well known that high order derivatives of field variables in the governing equation give rise to difficulties in solution of boundary value problems because of worse accuracy of numerically evaluated high order derivatives. The order of the differential operator can be decreased mathematically by decomposing this operator into two lower order differential operators with introducing new field variables.
To circumvent the problems associated with meshing, a number of works for plates have been investigated based on meshless methods. Krysl and Belytschko (1995) first employed the element free Galerkin method (EFGM) to analyze the thin plate problems while Liu (2003) introduced the idea of moving kriging interpolation (MK) and show how it can be used to formulate a new type of meshless method in heat conduction problems. Long and Atluri (2002) extended the meshless local Petrov-Galerkin (MLPG) method for solving thin plate bending problems. Li et al. (2005) utilized the kinematics of a threedimensional solid of the conventional plate assumption, and proposed a lock-free MLPG formulation for plates. Sladek et al. (2002a,b) decomposed the biharmonic differential equation into Poisson equations, and derived the local boundary integral equations (LBIE) for the thin plate bending problems. Leitao (2001) and Bitaraf and Mohammadi (2010) combined the point interpolation technique with the collocation scheme to derive system of governing equations, and proposed the finite point method (FPM). Based on the recursive composite multiple reciprocity method, employed a boundary-only collocation schemeboundary particle method (BPM) to simulate the bending problems of the Kirchhoff plate and Winkler plate. All of these meshless methods do not need an element mesh for the interpolation of the field or boundary variables; however, some of them require background cells for numerical integration, which makes these methods being not ''truly'' meshless method. Recently, Sladek et al. (2013) applied the new field variable for solving thin plate bending problems by meshless method comparing the solution using either the moving least squares (MLS) approximation or point interpolation approximation. Liu and Huang (2013) used integral identities in order to develop weakly-singular and non-singular forms of the BIEs for plate bending problems. In 2011, proposed a solution procedure based on the meshless local Petrov-Galerkin (MLPG) method for lower-bound shakedown analysis of bounded kinematic hardening structures. The natural neighbour interpolation (NNI) was employed to construct trial functions for simplifying the imposition of essential boundary conditions. The kinematic hardening behavior was simulated by an overlay model and the numerical difficulties caused by the time parameter were overcome by introducing the conception of load corner. The reduced-basis technique was applied to solve the mathematical programming iteratively through a sequence of reduced residual stress subspaces with very low dimensions and the resulting non-linear programming sub-problems were solved via the Complex method. In 2011, developed the meshless local natural neighbor interpolation (MLNNI) method to perform the dynamic analysis of elastoplastic structures under plane stress or plane strain conditions. The MLNNI, as an effective truly meshless method for solving partial differential equations, employs local weak forms over a local subdomain and shape functions from the natural neighbor interpolation (NNI). The shape functions so formulated possess delta function property and, therefore, the essential boundary conditions can be implemented as easily as in the finite element method (FEM). The predictor-corrector form of the Newmark algorithm is used for the timemarching process and iterations are performed at every time step. In 2013, Li et al. (2013) developed a numerical meshless model for analyzing transient heat conductions in three-dimensional (3D) axisymmetric continuously non-homogeneous functionally graded materials (FGMs). Axial symmetry of geometry and boundary conditions reduced the original 3D initial-boundary value problem into a two-dimensional (2D) problem. Local weak forms were derived for small polygonal sub-domains which surrounded nodal points distributed over the cross section. In order to simplify the treatment of the essential boundary conditions, spatial variations of the temperature and heat flux at discrete time instants were interpolated by the natural neighbor interpolation. Moreover, the using of three-node triangular finite element method (FEM) shape functions as test functions reduced the orders of integrands involved in domain integrals. The semi-discrete heat conduction equation was solved numerically with the traditional two-point difference technique in the time domain.
The purpose of this paper is to present the meshless method with two field variables local weak form for solving thin simply supported plate problems subjected to various loads. In the present method, the moving kriging (MK) interpolation method using regular and irregular nodal arrangements is employed to construct the nodal shape function as well as the Heaviside step function is used as the test function. In order to verify the validity of this approach, selected numerical examples are analyzed comparing with exact solutions to demonstrate the convergence of the present method which is implemented by maximum relative error and root mean square relative error.
Moving kriging interpolation shape function
Similar to the MLS approximation, the moving kriging (MK) method, see (Yimnak and Luadsong, 2014) , can be extended to any sub-domain X x # X. Generally, the MK interpolation e wðxÞ is defined by Liu (2003) 
and the shape function UðxÞ is defined by
where p T ðxÞ ¼ p 1 ðxÞ p 2 ðxÞ . . . p m ðxÞ ½ is a complete monomial basis and c W ¼ b
The matrices P; R and vector r T ðxÞ are given as follows:
and I is an n Â n identity matrix.
The cðx i ; x j Þ is the dimensionless correlation Gaussian function between any pair of nodal points located at x i and x j , namely
where r ij ¼ kx i À x j k; h > 0 is the dimensionless shape parameter and d c is a characteristic length that is related to the nodal spacing in the local domain of the point of interest. Literally, Eq. (2) can also be rewritten as
where the shape function and its first derivative can be defined as follows:
The index following a comma is a spatial derivative.
Governing equations and discretization
In the classical Kirchhoff's theory of bending of thin plates (Timoshenko and Woinowsky-Krieger, 1959) , the governing equation which results in the biharmonic equation may be written as
where wðxÞ is the plate deflection, qðxÞ is the prescribed load normal to the plate, r 4 ðÁÞ is a biharmonic operator, and D is the flexural rigidity being given as D ¼ where E is the Young's modulus, m is the Poisson ratio, and h is the plate thickness.
The plate domain X ¼ ½0; 1 Â ½0; 1 is enclosed by the following simply supported boundary conditions edge C: wð0; yÞ ¼ 0;
wð1; yÞ ¼ 0; wðx; 0Þ ¼ 0;
wðx; 1Þ ¼ 0; @ 2 wð0; yÞ
Introducing the new field variable and assuming the flexural rigidity to be constant, we obtain
Using the local weighted residual method, Eqs. (14) and (15) become Z
and Z
where v i is the test function. Using the Heaviside unit step function as the test function and applying the Green's first identity in Eqs. (16) and (17), the following local weak forms can be obtained Z
where n is the cartesian component of the outward unit normal vector on boundary edges. Next, transverse deflection w and new variable m are interpolated using MK as
Substituting the these expressions into local weak form Eqs. (18) and (19), the discrete equation for each node is obtained as follows: 
where i; j ¼ 1; 2; . . . ; N.
Numerical examples
In this section, some numerical results are presented to verify our approach by comparing with an exact solution. The accuracy is illustrated by plotting the selected number of nodal points versus the maximum relative error as well as root mean square relative error in tests of accuracy of approximation for deflections at evaluation. Both the errors are defined as
Linear and quadratic polynomial bases are chosen at first in order to construct nodal shape function. Correlation parameter is set as 0.5 for being a smooth curve while the radius of each local sub-domain should be big enough such that the union of all local sub-domains covers as much as possible in order to avoid singularity of calculated matrices. For this reason, the radius of the local sub-domain of each boundary node is taken as 0.7 times minimum nodal points while 21 gaussian points are used on each section of C. Regular and irregular nodal distribution are chosen as 16(4 · 4), 25(5 · 5), 36(6 · 6), 49(7 · 7), 64(8 · 8), 81(9 · 9), 100(10 · 10) and 121(11 · 11). Illustratively, nodal distribution in the square plate with 11 · 11 regular and 121 irregular scattered nodes are shown in Figs. 1 and 2 , respectively. For numerical implementation, selected a simply supported rectangular plate under sinusoidal load, uniformly distributed load, hydrostatic load and a hollow plate are implemented as follow:
Sinusoidal load on a simply supported rectangular plate
An exact solution in term of deflection is given by Timoshenko and Woinowsky-Krieger (1959 ; q 0 ¼ represents the intensity of the load at the center of the plate, D is the flexural rigidity, and a, b are the side lengths of a rectangular plate.
For both the errors caused by introducing two-filed variables of this method, tabular errors using linear basis for selected number of nodal points of Example 4.1 are shown in Table 1 while Table 2 shows the errors using quadratic basis instead. According to both tables, these results show the convergence of this method by increasing the number of nodal points which can be see as an increasing accuracy by increasing the number of nodal points. In addition, illustratively, the fictitious values w versus exact solution and absolute value of the difference between exact solution and approximate solutionis are shown in Fig. 4 while the results of absolute maximum relative errors and root mean square relative errors are shown in Figs. 5 and 6, respectively.
Uniformly distributed load on a simply supported rectangular plate
An exact solution in term of deflection is given by Timoshenko and Woinowsky-Krieger (1959) wðx; yÞ ¼ 16q
where qðx; yÞ ¼ q; q represents a uniformly distributed load, D is the flexural rigidity, and a, b are the side lengths of a rectangular plate. Likewise, for both of errors caused by introducing two-filed variables of this method, tabular errors using linear basis for selected number of nodal points of Example 4.2 are shown in Table 3 while Table 4 are shown the errors using quadratic basis instead. According to both tables, These results show the convergence of this method by increasing the number of nodal points which can be see as increasing accuracy by increasing the number of nodal points. In addition, illustratively, the fictitious values w versus exact solution and absolute value of the difference between exact solution and approximate solutionis are shown in Fig. 7 while the results of absolute maximum relative errors and root mean square relative errors are shown in Figs. 8 and 9 , respectively.
Hydrostatic load on a simply supported rectangular plate
An exact solution in terms of deflection is given by Rudolph (1974) wðx; yÞ ¼ 8q 
A simply supported hollow plate
An exact solution in term of deflection is given by
sinðpxÞ sinðpyÞ:
For Problem 4.4, nodal distribution in the hollow plate with 152 irregular scattered nodes is shown in Fig. 3 . Apparently, using linear basis and quadratic basis, an approximate solution profile gives a significant outcome that is as same as an exact solution profile which is illustrated by Figs. 12 and 13, respectively. In addition, the maximum absolute value of the difference between an exact solution and an approximate solution is approximately 0.001376 while the maximum of root mean square value of the difference between an exact solution and an approximate solution is approximately 0.000722 when using both linear polynomial basis and quadratic polynomial basis for constructing nodal shape functions.
According to numerical results, both the errors using quadratic polynomial basis are less than both the errors using linear polynomial basis; moreover, increasing a number of nodal points can be decreased maximum relative errors and root mean square relative errors. Typically, quadratic-polynomialbasis usage is a better criterion constructing the nodal shape function than linear-polynomial-basis usage; furthermore, increasing a number of nodal points can decrease maximum relative errors and root mean square relative errors. Irregular nodal arrangement can also consider constructing shape function. It can be seen that the agreements between numerical and analytical results are quite excellent, and the convergence is very good as well as computational efficiency.
Conclusions
An alternative approach of meshless method for solving thin plates is presented in the present work. The moving kriging interpolation method can also be used for constructing nodal shape functions as well as two-field variables scheme and is proposed in order to decompose the biharmonic equation into a coupled of Poisson's equations; furthermore, two-field variable local weak forms using Heaviside step function enable us to simplify the complicated conventional local weak form of the biharmonic equation as well as impose straightforward the simply supported boundary condition, For these reasons, computer literacy is also conducted systematically in the sense of easiness and robustness and its implementation is also acceptable as well. Comparing between exact solution and approximate solution for all examples, numerical results shows that usage of the quadratic polynomial and linear basis can give quite accurate numerical results. 
